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Asymptotic tails of massive scalar fields in a Schwarzschild background
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We investigate the asymptotic tail behavior of massive scalar fields in a Schwarzschild background. It is
shown that the oscillatory tail of the scalar field has the decay rate®6fat asymptotically late times, and the
oscillation with the period Z/m for the field masam is modulated by the long-term phase shift. These
behaviors are qualitatively similar to those found in a nearly extreme Reissner-Nordstakground, which
are discussed in terms of a resonant backscattering due to the space-time curvature.
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. INTRODUCTION p~t"1"¥2sin(mt), €y

The late-time evolution of various fields outside a collaps-dominates as the intermediate late-time, if the field nmags
ing star has important implications for several aspects ofmall[10] (see also Refl11]). It is clear from Eq.(1) that
black-hole physics. For example, the no-hair theof&frin-  massive fields decay slower than massless ones, and waves
troduced by Wheeler in the early 1970s states that the extewith peculiar frequency» quite close tan can contribute to
nal field of a black hole relaxes to a Kerr-Newman field massive tail, while low frequency waves can contribute to
characterized solely by the black-hole mass, charge an@hassless tail. Though the oscillatory power-law fdttnhas
angular-momentum. Thus, it is of interest to explore the dyPeen numerlcglly verified at intermediate late timesM
namical mechanism responsible for the relaxation of pertur=<mMt<1/(mM)<, it should be noted that the intermediate
bations fields outside a black hole and to determine the decdfilS are not the final asymptotic behaviors. Another wave
rate of the various perturbations. In addition, the dynamicaPattern can dominate at very late times, when it still remains
mechanism of generating perturbation fields ingoing to &€y difficult to determine numerically the exact decay rate
black hole is of interest in relation to the problem of the (10,11, )
stability of the Cauchy horizof2]. In the previous papdi8], hereafter refe_rred to as paper l,

It was first demonstrated by Prid8], regarding scalar, W€ h_ave analyt_|cally found that th_e transition from the inter-
gravitational and electromagnetic perturbations of Schwarzshediate behavior to the asymptotic one occurs in nearly ex-
child black hole exterior, that the fields die off at late time treme Reissner-Nordsimo background. The oscillatory in--
with an inverse power-law tail. It has been shown that for averse power-law behavior of the dominant asymptotic tail is
spherical-harmonic wave mode of multiple numdera  a@pproximately given by
t2"2 ort=2'~3 decay tail ( being the Schwarzschild time e
coordinate dominates at late time, depending on the initial P~t">"sin(my), @
conditions. The same tail behavior occurs also for Reissner-

Nordstran black holes and fields of different spin. Recently "dependently of angular momentum wave numbend the
the linear perturbation analyses and the nonlinear simulatiori€c@y becomes slower than the intermediate ones. The origin
have been done by Gundlaehal. [4] and[5], respectively. ©f Such an asymptotic tail is expected to be a resonance
(See also Ref[6].) In addition, the recent treatment of tails backscattering due to curvature-induced potential. This will

in the spacetime of a spinning black hole has been done b&e supported by the relr;%on_ship between the field mass and
Barack and Or{7]. e time scalg when thte tall_tggmmates._Fom M«l,_the
Many previous works have been mainly concerned withSmallermM 1S, the later thet > tail begins to dominate
massless fields. However, the evolution of massive scaldMt>1/(mM), whereM is the black-hole magsOn the
fields will become important, for example, if one considersother hand, i(gelarge field massM>1, the largernM is,
Kaluza-Klein theories, in which the Fourier modes can belhe later the™>"tail begins to dg/fg“natemt%ml\/l)- There-
have like massive fields. Further, the recent development dfre. the time scale when the >® tail dominates will be-
the Kaluza-Klein idea, such as the Randall-Sundrum modetome minimum amM=0(1), which means that the most
[9] in string theory, strongly motivates us to understand theeffectlve backscattering occurs for such massive scalar f_|elds
evolutional features characteristic to the field mass in detaiWith the Compton wave lengthrivnearly equal to the hori-
The physical mechanism by which late-time tails of mas-Z0N fad_'USM- . .
sive scalar fields are generated may be qualitatively different [N this paper, following paper | which was devoted to the

from that of massless ones. In fact, it has been pointed o@nalysis for nearly extreme Reissner-Nordstrisackground,
that the oscillatory inverse power-law tails we investigate the asymptotic tails of a massive scalar field

in Schwarzschild background. The purpose of this paper is to

_— determine analytically the decay rate and to confirm that the
*Email address: hiroko@allegro.phys.nagoya-u.ac.jp asymptotic tail with the decay rate 6f > is not peculiar to

"Email address: atomi@allegro.phys.nagoya-u.ac.jp the nearly extreme black hole. Nevertheless, it is sure that the
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form of effective potential varies according to the ratio of the

black-hole charge to the mass. Then, we also study the dif-
ference of the asymptotic tail behavior in Schwarzschild

background from that in nearly extreme Reissner-Nordstro

In Sec. Il, to analyze time evolution of massive scalar fields,
we introduce the black-hole Green'’s function using the spec-

tral decomposition methdd 2]. Differently from the case of
nearly extreme Reissner-Nordstidn paper |, it is difficult
to analyze the field equations for the arbitrary field miass

In this paper, therefore, we consider the cases of small field

massmM<1 in Sec. lll and large oneaM>1 in Sec. IV,
and we compare the results with those found in nearly ex
treme Reissner-Nordstmbackground. Section V is devoted
to a summary.

Il. GREEN'S FUNCTION ANALYSIS

A. Massive scalar fields in Schwarzschild geometry

We consider time evolution of a massive scalar field in
Schwarzschild background with the black-hole misssThe
metric is

4=

2M 2M\ 71
1_T dt2+(l—T) dr2+r2d92, (3)

and the scalar fields with the massm satisfies the wave
equation

(O0-m?) ¢=0. (4)
Resolving the field into spherical harmonics
¢'(r)
$=2 ——Vim(0.9), (5)

hereafter we omit the indek of ¢' for simplicity, and we
obtain a wave equation for each multiple moment

‘/’,tt_ ‘/’,r*r* +Vy=0, (6)
wherer , is the tortoise coordinate defined by
dr. = dr
e =M (7
1_ R
r
and the effective potential is
2M | 1(1+1) 2™
v={1-— +—+m?|. (8
r r2 r

B. The black-hole Green’s function

The time evolution of a massive scalar field is given by

(T 7t):J [G(ry ,I’; ;t)wt(r;uo)

FGy(ry .1 D (r, ,0)]dr 9

FIG. 1. Integration contours in the complex frequency plane.
The original integration contour for the Green’s function lies above
the real frequency axis. We choose the valuesobn the dashed
line to bew =|w| and that on the dotted lines to be=e*'"|w|.

for t>0, where thdretarded Green’s functionG(r,r’;t) is
defined as

P2
— 4V

2 gz TV (Bl =88, —ry).
*

(10

The causality condition gives the initial condition that
G(r,r’;t)=0 fort<0. In order to findG(r,r’;t) we use the
Fourier transform

G(ry ,ry ;a))=f G(r, ,r} ;tye'“dt. (12
o

The Fourier transform is analytic in the upper halfplane,
and the corresponding inversion formula is

1

2w —w+ic

ot+ic _

G(r

!

. . Na-iot
" r.;we '"do,

G(ry ,r I
(12

t)=

wherec is some positive constant. The usual procedure is to
close the contour of integration into the lower half of the
complex frequency plane shown in Fig. 1. Then, the late-
time tail behaviors which are our main concern should be
given by the integral along the branch cut placed along the
interval —-m<s=w=m.

Now the Fourier component of the Green’s function

G(r, I, ;@) can be expressed in terms of two linearly in-
dependent solutions for the homogeneous equation

2

d
dr

=0 i=12. (13

_ 2_
>t V
*

The boundary condition for the basic solutigh is that it
describes purely ingoing waves crossing the event horizon,
ie.,

Yp=e ', (14)
atr, — —o, while 7, is required to damp exponentially at
spatial infinity, i.e.,
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Y= "' (15) fully used in paper | for the potential in nearly extreme
' Reissner-Nordstm background. However, to apply the
atr, —o, wherew=\m?— w?. Because the complex con- same method to Eq22), it is necessary to assume the field

jugate;j[ic is also a solution for Eq13), 7, can be written mass to be very small or very large. In this section we con-
by the linear superposition sider the small-mass caseM<1.

Y=+ BYE, (16 A. Mode solutions
and the Wronskian is estimated to be 1. The inner region I=x<1/m*M?
-~ - ) For the small-mass case suchrad/<1, truncating the
W(w)=tipar — i1y h2=2i0p. (17 terms of the ordem®M?, we can approximate E¢22) by
Using these two solutions, the Green’s function can be writ- 4% 1 1\dy [amM2m?  amm?—12—1-1
ten by — | — ==+ +
dx? (X—l X) dx | (x—1)? X(x—1)
1~
1 [l e nn ta)mo @3
A0B [ Ya(r, ,0)io(r, o), Te<Ty.

Now the solutiony, satisfying the boundary conditiofi4)
The contributionG® from the branch cut to the Green’s func- can be written using the hyper-geometric functl®ras fol-
tion is reduced to lows:

GE(ry ryst) ' 1
Yr=x <+ (x=1)TPMPE| K__ K__;1-4iMm;1- =
1 (1la S X

e B?q(r; @) (1, we 'do. (19

:XKH(X_1)_2iMmF(1—4iMm)F(2,u)
Then the main task to evalua@C is to derive the coeffi- (K, )2
cientsa andg.

_’_XK,Jr(X_l)—ZiMm

1
. - . . XF(K__,K__;l—Z,u;—
C. Effective contributions to tail behaviors X

Here we point out that at very late timest>1 the rap- T(1—4iMm)T(—2u) 1
idly oscillating terme™'“! leads to a mutual cancellation X 5 F(K+_ Ky 1+2u; =,
between the positive and the negative parts of the integrand I(K_-) X
in Eq. (19). Then, the effective contribution to the tail behav- (24)

iors arises from the narrow range
whereu andK. .. are

e=2Mw<1, (20)
which was also claimed in Refg10,14]. e \/( | +% 2—8|v|2m2 o5
lIl. SMALL-MASS CASE
Introducing the nondimensional variable defined as and
r 1
X= o0 (21) Kiizit,utZiMm, (26)

Eq. (13) is rewritten by respectively, and we used the linear transformation formulas

(15.3.9 of [13] in the second equality of Eq24). If esti-

d?y 1 dy mated in the regiox>1, we obtain

+4M2w2x2 AM?m?x  1(1+1)
dx? x(x—l)&

(x—1)2 x—1  x(x—1)

- T(1—4iMm)T(2w)
X

l,bl_> wn+1/2
L(Kio)?

1

- x2(x—1)

P=0. (22)

. . , FA—-4iMm)I'(—2uw)
To study analytically the mode solutiong the asymptotic + X

—u+1/2 (27)
matching between the inner and outer solutions was success- I(K__)?
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which is necessary for asymptotic matching in the overlapvhen the integra(19) should be estimated under the condi-
region 1<x<1/(mM)? with the outer solutions valid in the tion

regionx>1.
2. The outer region »1
For largex, Eq. (22) is approximated by

8M2m?—1(1+1) |~
+—

d?y | 4MZm?
4 —€? y=0.

dx? X x2

(28)

2m2M?2

=0(mMymt)<1. (34)

g=

As was discussed in paper |, the small valuerafepresents
that the backscattering due to the spacetime curvature is not
effective at intermediate late times. Then, using the condition
(34), we obtain

Then we can write the solutions using Whittaker’s functions.

The mode solution), satisfying the boundary conditiqd5)
should be

=W, ,(2€X), (29
where
2M?m?

o=—_ "€ (30

If estimated in the region<<1/e, we obtain

TpZ—> F(_ZM) (26)M+1/2X,u,+1/2

I'(z—u—o0)
F(Z,LL) (26)7M+1/2X7,u,+1/2. (31)
I(z+p—0)
3. Matching

We can match the solutiof27) valid at 1<x<1/m?M?
with the solution(31) valid at 1<x<1/e in the overlap re-
gion and determine the coefficients and 8 in Eq. (19).
Then the ratio is given as follows:

I'(—2w)?T(1+4iMm)
Iz —p—0o)l(K_;)?

a

B

(|o], &) -m=] —(2e)#* 12

I'(2p)%T'(1+4iMm)
F(% +,U«_U')F(K++)2

+(26)7:U~+l/2

a a

B(|w|1€)_ ﬁ(|w|’e_iwe)||w\—>m

22|+1|!6

mMe? 1, (35)

T EENE

which is identical to Eq.51) in paper I. Therefore, it is
obvious that the same intermediate tails as @y dominate

at intermediate late time@83), which was numerically sup-
ported by Refs[10,11].

C. Asymptotic tails

As discussed in paper I, the intermediate tails cannot be
an asymptotic behavior, and the long-term evolution from the
intermediate behavior to the final one should occur. The
asymptotic tail becomes dominant at very late times such
that

mt> (36)

m2M 2

when the effective contribution to the integrél9) arises
from the region

2m2M?2

o= >1, (37

which means backscattering effect due to curvature-induced
potential dominates. Then, the ratio afto B is approxi-
mately given by

X (Complex ConjUQatFl- (32) a 77* ei L ,y* e—i’TT(T
E(|w|’6)||w‘—>m_) e_iwo—f- eiﬂ_u_ 1 (38)
B. Intermediate tails g Y
The effective contribution to the integral in EQL9) is  where
claimed to be limited to the ranggw—m|=0(1t) or
equivalentlys = O(\/m/t), since the rapidly oscillating term _ 2101 i
e '“' which leads to a mutual cancellation between the posi- n=— T(=2p)T(1-4iMm) (4m2M2)re=imH
tive and the negative parts of the integrdede Refs[10,8)). I(K__)?
The intermediate tails becomes dominant at the late times in 5 )
the range N F2u)r'(1—4iMm) (4mPM2)re T (39)
I(K, )
mM<mt< , (33
(mM)? and
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__F(—Z,LL)ZF(].—4iMm) g2\ i
y= FK_)? (4m-M“)#e

. I'(2p)°T'(1—4iMm)
I'(K,_)?

4mPM?) " e I (40)

As was shown in paper |, the contribution from the Green'’s

PHYSICAL REVIEW D 64 044014

2 1/3
eOEZM\/mZ—wOZ:Z(m) (mM)*3, (48)
or equivalently
M 2mmM)\ 13 49
oo=mMm mt (49

function to the asymptotic tail part corresponds to the inteyyhich js equal to the value obtained in the nearly extreme
gral along the dashed line in Fig. 1 which is approximated by ;e in paper I. Let us give the Taylor expansiofodar the

GS(ry ,rist)

1
4ami

Pa(1y ;M) P (r, ,m)

xf e'@mr=ebelesdy + (complex conjugate
dashed line

(41)
where the phases is defined by
) LI =2imo
eI Ps— 77—}_‘}/—62 (42)
77 ,ye m™T

and it remains in the rangesOp <2, even if o becomes
very large, since we have

) 27Mm
|°= >0.

|9l>~ 1y (43

Because the terme™'“! and e® ™ in Eq. (41) are rapidly

pointa=a, as follows:

1
fs(a)="fg(ap) + E(a—ao)zfﬁ(ao)

2/3

TmM
+3(a—ag)>.

V2

Then, the integral in Eq41) can be approximately estimated
to be

(50

1
GO(ry 1y i) =—=(2m)¥(mM)(mt)~>°

23

X sifmt—3(27mM)?¥(mt)Y32— o (o0)

+ 374y (1 M) Py (1, M), (51

at very late timesnt>1/(mM)?. The oscillation has the pe-
riod 27r/m, and is modulated by the two types of long-term
phase shifts. First, the term (3/2)&nM)?3(mt)*'® repre-
sents a monotonously increasing phase shift. Second, the

oscillating at very late times, the saddle-point integration al{€rm @s(og) represents a periodic phase shift with the am-
lows us to evaluate accurately the asymptotic behaviors. Ledlitude |¢¢ smaller than 2, which will be studied in the

us introduce the variabla defined by

1/2

a= (mt)*3,

1- (44)

Then, the oscillation termg'>™”~Y in Eq. (41) can be
approximately rewritten into the form

ei(mt)1’3fs(a)e—imt (45)

in the limitsmt—c andw/m—1, by keepinga to be finite.
Here we have

a. (46)

2mmM
fs(a):\/—ﬂ-T"'

The saddle point is found to exist at

1/3
mmM

7

At the saddle point the parameterdefined by Eq.(20) is
given by

(47)

a=ap=

following. Equation(51) is similar to Eq.(69) in paper I,
though the corresponding terms of the phase shift are omitted
in Eq. (69) in paper | since we have focused our attention to
the decay rate.

D. Phase shift

Now we study the periodic phase-shift effect caused by
the termeg(wp). From the equation

des
we find the maximum and minimum extremes, denoted by
¢si(0,) andes (o) of pgato=0, ando=o_, which

is given by

@st(Ui):i29+ ®so (53)
and
ar
270, = WIEi 6+ const, (59
where
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L Ps — Ps-
sing=|— (59
6
and 5
n* ‘
expli ¢sp) = TR (56) 3
2
Expanding|y/ 7| with respect tanM<1, we obtain
1
Y
H=1—5 (57) 30000 40000 60000 80000 100000 Mt
FIG. 2. Time evolution of the phases;— ¢ in the case of
and mM=0.01 and =0.
) (64) 2( M)3  (for 1=0) r X
=a|—| (m or |= ~
: ’ S
1 r—2M§ x—1§’ (62)
24|+4’7T(|!)4 ais
= = (mM) (for 1I=0) (58 the mode equatiof22) can be approximately given by
(21+1)(21)!
in the Schwarzschild background. The phase-shift térim d?¢? | 4AM?0%x?>  4MZmx

characteristic to the black hole. For example, for nearly ex- §=0, (63

2
treme Reissner-Nordsim background8], the value ofs is dx

(x-1)2  x-1

given by
since the other terms become negligibly small all over the
0\? 3 regionx=1 in comparison with the two terms in the poten-
Onearly extrem&™ 77(2—3) (mM)=  (for 1=0), tial. Then we can write solutions for E¢3) using Whittak-
er’s functions. The solutiong, andy, satisfying the bound-
2473 (11)? ary condition(14) and (15), respectively, are

(mM)®+3  (for 1=0).

(59 Ta=\ M [ 2606 1)] (64

From Egs.(53) and (54) the oscillation amplitude o is

T 2D 20)

given by and
Ap=ps. — o5 =40=2m— 25, (60) _ <
e - V2= \ oW ,[26(x—1)], (65)
and the time interval between the two extremes is estimated
to be
where

2nAo=2m(o_—0o,)=m—260=1/86. (61)

These equations mean that the smaller the field mass is, the p=—i\/4M Y — (66)
more rapidly the change of the phaggfrom the maximum
to the minimum occurgsee Fig. 2 The phase shift oscillates
at the time scale of 1/*M2), which is much longer than the From Eqgs.(64) and (65), ¢, can be rewritten as
period of 2r/m. So it is a long-term effect which modulates

the basic oscillation. T'(—2p) T'(2p)

= * 6
S T VTR

IV. LARGE MASS CASE

A. Mode solutions and the ratio ofx to B in Eq. (16) is

In this section we consider large-mass case suam sl

>1. It is enough to consider the narrow regit?0) in the _ 1,

same manner with the small-mass case. Introducing the func- EZF( 20z +p U)_
tion ¢ defined as B TEpl(i-p—0)

(68)
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B. Asymptotic tail

As was discussed in paper |, no intermediate tails appear

for the scalar field with large mass, nameatyM>1. At late
times given by Eq(37), the ratio ofa to B is approximately
written by

g* ei 'n'o’_X* e—i‘lTlT

50l o g (69
where
{=T(2p)(2m2M?2)~relmr (70)
and
x=T(2p)(2m?M?)~re i, (72

Substituting Eq(69) into Eq. (19), we obtain the contribu-
tion from Green'’s function to the asymptotic tail:

1

(1, ;M) (r, ,m)

c Ty
ENURLER) 4mi

*

X f e2i7m'—2p In e—iwtei<p|dw
dashed line

+ (complex conjugate (72
where the phase, is defined by
) * *e—Zi'n'O'
o= IXE T (73
§+X62”TU

and it remains in the range<Op, <27, even if o becomes
very large, since we have

|£12=[x[?=T(2p)T (= 2p)(e? ™ —e #7)>0. (74)

Because the terms '“!, 77 ande %’ €in Eq.(72) are

PHYSICAL REVIEW D 64 044014

mt=>mM. (78)
Note that Eq(77) is identical with Eq.(47). Evaluating Eq.
(72) using the saddle point integration, we obtain the
asymptotic tail behavior

1
GE(re 1y 0= 5= (2m) (mM) ¥ (my

2\3
X sin(mt—3/2(2mmM)?¥(mt)¥3—4mM

XIn eg— ¢ (0g)+37/4)

Xy (T ;M) iy (1 ,m). (79

The additional relatior{78) is necessary for the asymptotic
tail (79) to dominate. The oscillation has the periou2#

and is modulated by the two types of phase shifts. First, the
terms (3/2)(2rmM)?3(mt)¥3+4mMIn ¢, represent a mo-
notonous phase shift. Second, the teppiog) represents a
periodic phase shift since it remains withiss@,<27. The
decay rate of the asymptotic tail in Schwarzschild back-
ground ist %, which remains identical with that in nearly
extreme Reissner-Nordstrobackground shown in paper |.

C. Phase shift

In the same manner with the small mass case, we study
the periodic phase-shift effect which is caused by the term
€'? in Eq. (73). In the large mass liminM>1, the ratio of
x and{ is approximated by

%‘ =e ™MM<1 (80)

in the Schwarzschild case. On the other hand, in the nearly
extreme Reissner-Nordstrolimit, we obtain the large mass
limit from Egs. (59) and (60) in paper | as follows:

rapidly oscillating at very late times, the saddle-point inte- X -
gration allows us to evaluate accurately the asymptotic be- 7 =e "TPTU<] (81)
haviors. Just like the small-mass case in the previous section, nearly extreme
using the parametea defined as Eq(44), the oscillation Nati ; ;
termse' 7o~ «t=20 9 in Eq. (41) can be rewritten into the The oscillation amplitude ¢, of ¢ is
form Y
Aqo|24‘— , (82
i (M) 3 () - imt {

(75

in the limitsmt—o~ andw/m—1, by keepinga to be finite.
Here we have

27mmM 4mM 2Jy2mMa
f|(a)z\/—w—+ 2+ n V2 (76)
a (mt)l/3 (mt)1/3
The saddle point can be approximated by
MM 1/3 (77)
ap=| ——
12

for asymptotically late times

for which Eqgs.(80) and(81) give different values, though it
remains same that ¢ vanishes in the large-mass limit.

V. SUMMARY

In this paper we have investigated asymptotic tail behav-
iors of massive scalar fields in Schwarzschild background.
We have shown that the asymptotic oscillatory tail with the
decay rate oft > and with the period 2/m dominates,
which is identical with that in nearly extreme Reissner-
Nordstran background. In addition, we have noted that the
relation between the value oM and the time scale when
the t %6 tail begins to dominate also holds. The smaller the
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value of mM is, the later thet 5 tail begins to dominate We can conclude that the asymptotic tail with the qualita-
[mt>1/(mM)?]. The larger the value ahM is, the later the tively same behavior dominates both in Schwarzschild and in
t~5/® tail begins to dominatenit>mM). nearly extreme Reissner-Nordstrdackground. Therefore it

As far as the intermediate late-time behavior is concerneds conjectured that the oscillatoty *® tail caused byreso-
our result agrees with Reff10]. However, they claimed “SI  nanceback scattering at asymptotic late times is a general
perturbation fields decay at late times slower than any powefeature inarbitrary Reissner-Nordstra background. It re-
law” in Ref. [10], which disagree with the expressiofl)  mains in a future work to investigate what kind of instability
and(72). We believe that their simulation was not carried out ¢ Cauchy horizons is caused by the massive tails.
until enoughlate times for the asymptotic tail to dominate or Finally we give a comment in comparison with the effects
there occurred numerical errors in their simulation. Also, oufinquced by the field mass on vacuum polarization of quan-
result is consistent with Ref11], which was done numeri-  tm massive scalar fields in the thermal state. It has been
cally (both for a test field and for the fully nonlinear cases found that the amplitude of vacuum polarization is enhanced

In terms of the phase shift we can understand more C|ear|¥roundezO(1) in the case of nearly extreme Reissner-
the tail behavior to be a back scattering effect due to spacéyordstian geometry, while it is not seen in Schwarzschild
time curvature. In the small-mass cas®1<1, the interme-  c55¢[14]. The field-mass induced effect on vacuum polariza-
diate tail with an oscillatory power-law dominates at the timejon pecomes clear only in the nearly extreme limit. The
scale kxmt<1/(mM)? before the asymptotic tail discussed reason will be explained as follows: Vacuum polarization of
here dominatef3,10] (see also Ref.11]). At both the inter-  massjve scalar fields is due to both thermal excitation in-
mediate and asymptotic time scales the frequency of a wavgced by black-hole temperature and mass induced excita-
which contributes to tails is very close to. However, the tion. In the nearly extreme case, of which the black-hole
oscillation of the asymptotic tail is modulated by phase shiftemperature is nearly zero, the mass induced effect becomes
effects which do not appear in the intermediate tail. Theresignificant because the thermal excitation is suppressed. On
exist two types of the phase shift, which are monotonous anthe other hand, in the Schwarzschild case the mass induced
periodic with time. The periodic phase shift crucially de- effect is just hidden because the thermal effect by the black-
pends on the field mass. The shift angle becomes nearlyg|e temperature can dominate.
equal to 27 in small mass limimM—0, and the shift oS- \ve expect that resonance behavior due to the mass of a
cillates at the time scale of M*M?), which is a long-term  field interacting with a black hole may exist in various pro-
effect if compared with the basic oscillation with the period cesses as a generic feature of black-hole geometry. In order
of 2zr/m. In large mass limitmM— o, the shift angle be- to confirm this conjecture, it is necessary to investigate vari-
come very small. In scattering theory, it is well known that oys processes of massive fields in more general black hole

the phase shift of wave is connected with the presence of thgyodels. This will be one of the interesting subjects in black-
scatterer. In this case, of course, the scatterer is the effectiygyle physics.

potential of black-hole spacetime. Therefore it is clear that

tails of massive scalar fields are generated from backscatter-

ing due to space-time curvature. The shift angle in Schwarzs- ACKNOWLEDGMENTS

child geometry is numerically different from that in nearly
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