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Asymptotic tails of massive scalar fields in a Schwarzschild background

Hiroko Koyama* and Akira Tomimatsu†

Department of Physics, Nagoya University, Nagoya 464-8602, Japan
~Received 28 March 2001; published 26 July 2001!

We investigate the asymptotic tail behavior of massive scalar fields in a Schwarzschild background. It is
shown that the oscillatory tail of the scalar field has the decay rate oft25/6 at asymptotically late times, and the
oscillation with the period 2p/m for the field massm is modulated by the long-term phase shift. These
behaviors are qualitatively similar to those found in a nearly extreme Reissner-Nordstro¨m background, which
are discussed in terms of a resonant backscattering due to the space-time curvature.

DOI: 10.1103/PhysRevD.64.044014 PACS number~s!: 04.20.Ex, 04.70.Bw
s
o

te
ld
a
dy
tu
c

ica

he

,
rz
e

r

e
ia
ne
tly
io

ls

it
al
rs
e
t
d
th
ta
s

re
o

aves

to

te
ve
ins
te

I,
r-
ex-
-
l is

rigin
nce
ill

and

t
elds

he

eld
s to
the

the
I. INTRODUCTION

The late-time evolution of various fields outside a collap
ing star has important implications for several aspects
black-hole physics. For example, the no-hair theorem@1# in-
troduced by Wheeler in the early 1970s states that the ex
nal field of a black hole relaxes to a Kerr-Newman fie
characterized solely by the black-hole mass, charge
angular-momentum. Thus, it is of interest to explore the
namical mechanism responsible for the relaxation of per
bations fields outside a black hole and to determine the de
rate of the various perturbations. In addition, the dynam
mechanism of generating perturbation fields ingoing to
black hole is of interest in relation to the problem of t
stability of the Cauchy horizon@2#.

It was first demonstrated by Price@3#, regarding scalar
gravitational and electromagnetic perturbations of Schwa
child black hole exterior, that the fields die off at late tim
with an inverse power-law tail. It has been shown that fo
spherical-harmonic wave mode of multiple numberl, a
t22l 22 or t22l 23 decay tail (t being the Schwarzschild tim
coordinate! dominates at late time, depending on the init
conditions. The same tail behavior occurs also for Reiss
Nordström black holes and fields of different spin. Recen
the linear perturbation analyses and the nonlinear simulat
have been done by Gundlachet al. @4# and@5#, respectively.
~See also Ref.@6#.! In addition, the recent treatment of tai
in the spacetime of a spinning black hole has been done
Barack and Ori@7#.

Many previous works have been mainly concerned w
massless fields. However, the evolution of massive sc
fields will become important, for example, if one conside
Kaluza-Klein theories, in which the Fourier modes can b
have like massive fields. Further, the recent developmen
the Kaluza-Klein idea, such as the Randall-Sundrum mo
@9# in string theory, strongly motivates us to understand
evolutional features characteristic to the field mass in de

The physical mechanism by which late-time tails of ma
sive scalar fields are generated may be qualitatively diffe
from that of massless ones. In fact, it has been pointed
that the oscillatory inverse power-law tails
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c;t2 l 23/2sin~mt!, ~1!

dominates as the intermediate late-time, if the field massm is
small @10# ~see also Ref.@11#!. It is clear from Eq.~1! that
massive fields decay slower than massless ones, and w
with peculiar frequencyv quite close tom can contribute to
massive tail, while low frequency waves can contribute
massless tail. Though the oscillatory power-law form~1! has
been numerically verified at intermediate late times,mM
!mt!1/(mM)2, it should be noted that the intermedia
tails are not the final asymptotic behaviors. Another wa
pattern can dominate at very late times, when it still rema
very difficult to determine numerically the exact decay ra
@10,11#.

In the previous paper@8#, hereafter referred to as paper
we have analytically found that the transition from the inte
mediate behavior to the asymptotic one occurs in nearly
treme Reissner-Nordstro¨m background. The oscillatory in
verse power-law behavior of the dominant asymptotic tai
approximately given by

c;t25/6sin~mt!, ~2!

independently of angular momentum wave numberl, and the
decay becomes slower than the intermediate ones. The o
of such an asymptotic tail is expected to be a resona
backscattering due to curvature-induced potential. This w
be supported by the relationship between the field mass
the time scale when thet25/6 tail dominates. FormM!1, the
smaller mM is, the later thet25/6 tail begins to dominate
@mt@1/(mM)2, where M is the black-hole mass#. On the
other hand, for large field massmM@1, the largermM is,
the later thet25/6 tail begins to dominate (mt@mM). There-
fore, the time scale when thet25/6 tail dominates will be-
come minimum atmM.O(1), which means that the mos
effective backscattering occurs for such massive scalar fi
with the Compton wave length 1/m nearly equal to the hori-
zon radiusM.

In this paper, following paper I which was devoted to t
analysis for nearly extreme Reissner-Nordstro¨m background,
we investigate the asymptotic tails of a massive scalar fi
in Schwarzschild background. The purpose of this paper i
determine analytically the decay rate and to confirm that
asymptotic tail with the decay rate oft25/6 is not peculiar to
the nearly extreme black hole. Nevertheless, it is sure that
©2001 The American Physical Society14-1
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form of effective potential varies according to the ratio of t
black-hole charge to the mass. Then, we also study the
ference of the asymptotic tail behavior in Schwarzsch
background from that in nearly extreme Reissner-Nordstr¨m.
In Sec. II, to analyze time evolution of massive scalar fiel
we introduce the black-hole Green’s function using the sp
tral decomposition method@12#. Differently from the case of
nearly extreme Reissner-Nordstro¨m in paper I, it is difficult
to analyze the field equations for the arbitrary field massm.
In this paper, therefore, we consider the cases of small fi
massmM!1 in Sec. III and large onemM@1 in Sec. IV,
and we compare the results with those found in nearly
treme Reissner-Nordstro¨m background. Section V is devote
to a summary.

II. GREEN’S FUNCTION ANALYSIS

A. Massive scalar fields in Schwarzschild geometry

We consider time evolution of a massive scalar field
Schwarzschild background with the black-hole massM. The
metric is

ds252S 12
2M

r Ddt21S 12
2M

r D 21

dr21r 2dV2, ~3!

and the scalar fieldf with the massm satisfies the wave
equation

~h2m2!f50. ~4!

Resolving the field into spherical harmonics

f5(
l ,m

c l~r !

r
Ylm~u,w!, ~5!

hereafter we omit the indexl of c l for simplicity, and we
obtain a wave equation for each multiple moment

c ,tt2c ,r
*

r
*
1Vc50, ~6!

wherer * is the tortoise coordinate defined by

dr* 5
dr

12
2M

r

, ~7!

and the effective potentialV is

V5S 12
2M

r D F l ~ l 11!

r 2
1

2M

r 3
1m2G . ~8!

B. The black-hole Green’s function

The time evolution of a massive scalar field is given b

c~r * ,t !5E @G~r * ,r
*
8 ;t !c t~r

*
8 ,0!

1Gt~r * ,r
*
8 ;t !c~r

*
8 ,0!#dr

*
8 ~9!
04401
if-
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for t.0, where the~retarded! Green’s functionG(r ,r 8;t) is
defined as

F ]2

]t2
2

]2

]r
*
2

1VGG~r * ,r
*
8 ;t !5d~ t !d~r * 2r

*
8 !. ~10!

The causality condition gives the initial condition th
G(r ,r 8;t)50 for t<0. In order to findG(r ,r 8;t) we use the
Fourier transform

G̃~r * ,r
*
8 ;v!5E

02

1`

G~r * ,r
*
8 ;t !eivtdt. ~11!

The Fourier transform is analytic in the upper halfv plane,
and the corresponding inversion formula is

G~r * ,r
*
8 ;t !52

1

2pE2`1 ic

`1 ic

G̃~r * ,r
*
8 ;v!e2 ivtdv,

~12!

wherec is some positive constant. The usual procedure is
close the contour of integration into the lower half of th
complex frequency plane shown in Fig. 1. Then, the la
time tail behaviors which are our main concern should
given by the integral along the branch cut placed along
interval 2m<v<m.

Now the Fourier component of the Green’s functio
G̃(r * ,r

*
8 ;v) can be expressed in terms of two linearly i

dependent solutions for the homogeneous equation

S d2

dr
*
2

1v22VD c̃ i50 i 51,2. ~13!

The boundary condition for the basic solutionc̃1 is that it
describes purely ingoing waves crossing the event horiz
i.e.,

c̃1.e2 ivr
* , ~14!

at r * →2`, while c̃2 is required to damp exponentially a
spatial infinity, i.e.,

FIG. 1. Integration contours in the complex frequency pla
The original integration contour for the Green’s function lies abo
the real frequency axis. We choose the value ofÃ on the dashed
line to beÃ5uÃu and that on the dotted lines to beÃ5e6 ipuÃu.
4-2
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c̃2.e2Ãr
* , ~15!

at r * →`, whereÃ[Am22v2. Because the complex con
jugatec̃1* is also a solution for Eq.~13!, c̃2 can be written
by the linear superposition

c̃25ac̃11bc̃1* , ~16!

and the Wronskian is estimated to be

W~v!5c̃1c̃2,r
*
2c̃1,r

*
c̃252ivb. ~17!

Using these two solutions, the Green’s function can be w
ten by

G̃~r * ,r
*
8 ;v!

52
1

2ivb H c̃1~r
*
8 ,v!c̃2~r * ,v!, r

*
8 .r * ,

c̃1~r * ,v!c̃2~r
*
8 ,v!, r

*
8 ,r * .

~18!

The contributionGC from the branch cut to the Green’s fun
tion is reduced to

GC~r * ,r
*
8 ;t !

52
1

4p i Ecut

1

v

a

b
c̃1~r

*
8 ,v!c̃1~r * ,v!e2 ivtdv. ~19!

Then the main task to evaluateGC is to derive the coeffi-
cientsa andb.

C. Effective contributions to tail behaviors

Here we point out that at very late timesmt@1 the rap-
idly oscillating term e2 ivt leads to a mutual cancellatio
between the positive and the negative parts of the integr
in Eq. ~19!. Then, the effective contribution to the tail beha
iors arises from the narrow range

e[2MÃ!1, ~20!

which was also claimed in Refs.@10,14#.

III. SMALL-MASS CASE

Introducing the nondimensional variable defined as

x[
r

2M
, ~21!

Eq. ~13! is rewritten by

d2c̃

dx2
1

1

x~x21!

dc̃

dx
1F4M2v2x2

~x21!2
2

4M2m2x

x21
2

l ~ l 11!

x~x21!

2
1

x2~x21!
G c̃50. ~22!

To study analytically the mode solutionsc, the asymptotic
matching between the inner and outer solutions was succ
04401
t-

nd

ss-

fully used in paper I for the potentialV in nearly extreme
Reissner-Nordstro¨m background. However, to apply th
same method to Eq.~22!, it is necessary to assume the fie
mass to be very small or very large. In this section we c
sider the small-mass casemM!1.

A. Mode solutions

1. The inner region 1Ïx™1Õm2M2

For the small-mass case such asmM!1, truncating the
terms of the orderm2M2, we can approximate Eq.~22! by

d2c̃

dx2
1S 1

x21
2

1

xD dc̃

dx
1F 4M2m2

~x21!2
1

4M2m22 l 22 l 21

x~x21!

1
1

x2G c̃50. ~23!

Now the solutionc1 satisfying the boundary condition~14!
can be written using the hyper-geometric functionF as fol-
lows:

c15xK11~x21!22iMmFS K22 ,K22 ;124iMm;12
1

xD
5xK11~x21!22iMm

G~124iMm!G~2m!

G~K12!2

3FS K22 ,K22 ;122m;
1

xD1xK21~x21!22iMm

3
G~124iMm!G~22m!

G~K22!2
FS K12 ,K12 ;112m;

1

xD ,

~24!

wherem andK66 are

m5AS l 1
1

2D 2

28M2m2 ~25!

and

K665
1

2
6m62iMm, ~26!

respectively, and we used the linear transformation formu
~15.3.6! of @13# in the second equality of Eq.~24!. If esti-
mated in the regionx@1, we obtain

c̃1→
G~124iMm!G~2m!

G~K12!2
xm11/2

1
G~124iMm!G~22m!

G~K22!2
x2m11/2, ~27!
4-3
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which is necessary for asymptotic matching in the over
region 1!x!1/(mM)2 with the outer solutions valid in the
regionx@1.

2. The outer region xš1

For largex, Eq. ~22! is approximated by

d2c̃

dx2
1F4M2m2

x
2e21

8M2m22 l ~ l 11!

x2 G c̃50. ~28!

Then we can write the solutions using Whittaker’s functio
The mode solutionc2 satisfying the boundary condition~15!
should be

c25Ws,m~2ex!, ~29!

where

s5
2M2m2

e
2e. ~30!

If estimated in the regionx!1/e, we obtain

c̃2→
G~22m!

G~ 1
2 2m2s!

~2e!m11/2xm11/2

1
G~2m!

G~ 1
2 1m2s!

~2e!2m11/2x2m11/2. ~31!

3. Matching

We can match the solution~27! valid at 1!x!1/m2M2

with the solution~31! valid at 1!x!1/e in the overlap re-
gion and determine the coefficientsa and b in Eq. ~19!.
Then the ratio is given as follows:

a

b
~ uvu,e!u uvu→m5F2~2e!m11/2

G~22m!2G~114iMm!

G~ 1
2 2m2s!G~K21!2

1~2e!2m11/2
G~2m!2G~114iMm!

G~ 1
2 1m2s!G~K11!2G

3~complex conjugate!21. ~32!

B. Intermediate tails

The effective contribution to the integral in Eq.~19! is
claimed to be limited to the rangeuv2mu5O(1/t) or
equivalentlyÃ5O(Am/t), since the rapidly oscillating term
e2 ivt which leads to a mutual cancellation between the po
tive and the negative parts of the integrand~see Refs.@10,8#!.
The intermediate tails becomes dominant at the late time
the range

mM!mt!
1

~mM!2
, ~33!
04401
p

.

i-

in

when the integral~19! should be estimated under the cond
tion

s.
2m2M2

e
5O~mMAmt!!1. ~34!

As was discussed in paper I, the small value ofs represents
that the backscattering due to the spacetime curvature is
effective at intermediate late times. Then, using the condit
~34!, we obtain

a

b
~ uvu,e!2

a

b
~ uvu,e2 ipe!u uvu→m

; i
22l 11l ! 6

~2l !! 2~2l 11!! 4
mMe2l 11, ~35!

which is identical to Eq.~51! in paper I. Therefore, it is
obvious that the same intermediate tails as Eq.~1! dominate
at intermediate late times~33!, which was numerically sup-
ported by Refs.@10,11#.

C. Asymptotic tails

As discussed in paper I, the intermediate tails cannot
an asymptotic behavior, and the long-term evolution from
intermediate behavior to the final one should occur. T
asymptotic tail becomes dominant at very late times s
that

mt@
1

m2M2
, ~36!

when the effective contribution to the integral~19! arises
from the region

s.
2m2M2

e
@1, ~37!

which means backscattering effect due to curvature-indu
potential dominates. Then, the ratio ofa to b is approxi-
mately given by

a

b
~ uvu,e!u uvu→m→ h* eips1g* e2 ips

he2 ips1geips
, ~38!

where

h52
G~22m!2G~124iMm!

G~K22!2
~4m2M2!me2 ipm

1
G~2m!2G~124iMm!

G~K12!2
~4m2M2!2meipm ~39!

and
4-4
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g52
G~22m!2G~124iMm!

G~K22!2
~4m2M2!meipm

1
G~2m!2G~124iMm!

G~K12!2
~4m2M2!2me2 ipm. ~40!

As was shown in paper I, the contribution from the Gree
function to the asymptotic tail part corresponds to the in
gral along the dashed line in Fig. 1 which is approximated

GC~r * ,r
*
8 ;t !

.
1

4pmi
c̃1~r * ,m!c̃1~r

*
8 ,m!

3E
dashed line

ei (2ps2vt)eiwsdv1~complex conjugate!,

~41!

where the phasews is defined by

eiws5
h* 1g* e22ips

h1ge2ips
, ~42!

and it remains in the range 0<ws<2p, even if s becomes
very large, since we have

uhu22ugu25
2pMm

m
.0. ~43!

Because the termse2 ivt and e2ips in Eq. ~41! are rapidly
oscillating at very late times, the saddle-point integration
lows us to evaluate accurately the asymptotic behaviors.
us introduce the variablea defined by

a[S 12
v

mD 1/2

~mt!1/3. ~44!

Then, the oscillation termsei (2ps2vt) in Eq. ~41! can be
approximately rewritten into the form

ei (mt)1/3f s(a)e2 imt ~45!

in the limits mt→` andv/m→1, by keepinga to be finite.
Here we have

f s~a!5
A2pmM

a
1a2. ~46!

The saddle point is found to exist at

a5a0[S pmM

A2
D 1/3

. ~47!

At the saddle point the parametere defined by Eq.~20! is
given by
04401
s
-
y

l-
et

e0[2MAm22v0
2.2S 2p

mtD
1/3

~mM!4/3, ~48!

or equivalently

s0.mMS 2pmM

mt D 1/3

~49!

which is equal to the value obtained in the nearly extre
case in paper I. Let us give the Taylor expansion off near the
point a5a0 as follows:

f s~a!. f s~a0!1
1

2
~a2a0!2f s9~a0!

53S pmM

A2
D 2/3

13~a2a0!2. ~50!

Then, the integral in Eq.~41! can be approximately estimate
to be

GC~r * ,r
*
8 ;t !.

1

2A3
~2p!5/6~mM!1/3~mt!25/6

3sin@mt23~2pmM!2/3~mt!1/3/22ws~s0!

13p/4#c̃1~r * ,m!c̃1~r
*
8 ,m!, ~51!

at very late timesmt@1/(mM)2. The oscillation has the pe
riod 2p/m, and is modulated by the two types of long-ter
phase shifts. First, the term (3/2)(2pmM)2/3(mt)1/3 repre-
sents a monotonously increasing phase shift. Second,
term ws(s0) represents a periodic phase shift with the a
plitude uwsu smaller than 2p, which will be studied in the
following. Equation~51! is similar to Eq.~69! in paper I,
though the corresponding terms of the phase shift are om
in Eq. ~69! in paper I since we have focused our attention
the decay rate.

D. Phase shift

Now we study the periodic phase-shift effect caused
the termws(v0). From the equation

dws

ds
50, ~52!

we find the maximum and minimum extremes, denoted
ws1(s1) andws2(s2) of ws at s5s1 ands5s2 , which
is given by

ws6~s6!562u1ws0 ~53!

and

2ps65p7
p

2
6u1const, ~54!

where
4-5
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sinu5UghU ~55!

and

exp~ iws0![
h*

h
. ~56!

Expandingug/hu with respect tomM!1, we obtain

UghU512d ~57!

and

d.pS 64

15D
2

~mM!3 ~ for l 50!,

.
24l 14p~ l ! !4

~2l 11!~2l !! 4
~mM!4l 13 ~ for l>0! ~58!

in the Schwarzschild background. The phase-shift termd is
characteristic to the black hole. For example, for nearly
treme Reissner-Nordstro¨m background@8#, the value ofd is
given by

dnearly extreme.pS 50

23D
2

~mM!3 ~ for l 50!,

.
24l 13p~ l ! !2

~2l 11!2~2l !! 4
~mM!6l 13 ~ for l>0!.

~59!

From Eqs.~53! and ~54! the oscillation amplitude ofws is
given by

Dws[ws12ws254u.2p2A2d, ~60!

and the time interval between the two extremes is estima
to be

2pDs[2p~s22s1!5p22u.A8d. ~61!

These equations mean that the smaller the field mass is
more rapidly the change of the phasews from the maximum
to the minimum occurs~see Fig. 2!. The phase shift oscillate
at the time scale of 1/(m3M2), which is much longer than the
period of 2p/m. So it is a long-term effect which modulate
the basic oscillation.

IV. LARGE MASS CASE

A. Mode solutions

In this section we consider large-mass case such asmM
@1. It is enough to consider the narrow region~20! in the
same manner with the small-mass case. Introducing the f
tion j defined as
04401
-

d

the

c-

c̃5A r

r 22M
j5A x

x21
j, ~62!

the mode equation~22! can be approximately given by

d2j2

dx2
1F4M2v2x2

~x21!2
2

4M2m2x

x21 Gj50, ~63!

since the other terms become negligibly small all over
regionx>1 in comparison with the two terms in the pote
tial. Then we can write solutions for Eq.~63! using Whittak-
er’s functions. The solutionsc1 andc2 satisfying the bound-
ary condition~14! and ~15!, respectively, are

c̃15A x

x21
Ms,r@2e~x21!# ~64!

and

c̃25A x

x21
Ws,r@2e~x21!#, ~65!

where

r52 iA4M2v22
1

4
. ~66!

From Eqs.~64! and ~65!, c2 can be rewritten as

c̃25
G~22r!

G~ 1
2 2r2s!

c11
G~2r!

G~ 1
2 1r2s!

c1* ~67!

and the ratio ofa to b in Eq. ~16! is

a

b
5

G~22r!G~ 1
2 1r2s!

G~2r!G~ 1
2 2r2s!

. ~68!

FIG. 2. Time evolution of the phasews2ws2 in the case of
mM50.01 andl 50.
4-6
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B. Asymptotic tail

As was discussed in paper I, no intermediate tails app
for the scalar field with large mass, namely,mM@1. At late
times given by Eq.~37!, the ratio ofa to b is approximately
written by

a

b
~ uvu,e!u uvu→m→ z* eips2x* e2 ips

ze2 ips2xeips
e22r, ~69!

where

z5G~2r!~2m2M2!2reipr ~70!

and

x5G~2r!~2m2M2!2re2 ipr. ~71!

Substituting Eq.~69! into Eq. ~19!, we obtain the contribu-
tion from Green’s function to the asymptotic tail:

GC~r * ,r
*
8 ;t !.

1

4pmi
c̃1~r * ,m!c̃1~r

*
8 ,m!

3E
dashed line

e2ips22r ln e2 ivteiw ldv

1~complex conjugate!, ~72!

where the phasew l is defined by

eiw l5
z* 1x* e22ips

z1xe2ips
, ~73!

and it remains in the range 0<w l<2p, even if s becomes
very large, since we have

uzu22uxu25G~2r!G~22r!~e2ipr2e22ipr!.0. ~74!

Because the termse2 ivt, e2ips, ande22r ln e in Eq. ~72! are
rapidly oscillating at very late times, the saddle-point in
gration allows us to evaluate accurately the asymptotic
haviors. Just like the small-mass case in the previous sec
using the parametera defined as Eq.~44!, the oscillation
termsei (2ps2vt22r ln e) in Eq. ~41! can be rewritten into the
form

ei (mt)1/3f l (a)e2 imt ~75!

in the limits mt→` andv/m→1, by keepinga to be finite.
Here we have

f l~a!.
A2pmM

a
1a21

4mM

~mt!1/3
lnF2A2mMa

~mt!1/3 G . ~76!

The saddle point can be approximated by

a0.S pmM

A2
D 1/3

~77!

for asymptotically late times
04401
ar

-
e-
n,

mt@mM. ~78!

Note that Eq.~77! is identical with Eq.~47!. Evaluating Eq.
~72! using the saddle point integration, we obtain t
asymptotic tail behavior

GC~r * ,r
*
8 ;t !.

1

2A3
~2p!5/6~mM!1/3~mt!25/6

3sin~mt23/2~2pmM!2/3~mt!1/324mM

3 ln e02w l~s0!13p/4!

3c̃1~r * ,m!c̃1~r
*
8 ,m!. ~79!

The additional relation~78! is necessary for the asymptot
tail ~79! to dominate. The oscillation has the periodm/2p
and is modulated by the two types of phase shifts. First,
terms (3/2)(2pmM)2/3(mt)1/314mM ln e0 represent a mo-
notonous phase shift. Second, the termw l(s0) represents a
periodic phase shift since it remains within 0<w l<2p. The
decay rate of the asymptotic tail in Schwarzschild ba
ground ist25/6, which remains identical with that in nearl
extreme Reissner-Nordstro¨m background shown in paper I.

C. Phase shift

In the same manner with the small mass case, we st
the periodic phase-shift effect which is caused by the te
eiw l in Eq. ~73!. In the large mass limitmM@1, the ratio of
x andz is approximated by

UxzU.e2p4mM!1 ~80!

in the Schwarzschild case. On the other hand, in the ne
extreme Reissner-Nordstro¨m limit, we obtain the large mas
limit from Eqs. ~59! and ~60! in paper I as follows:

UxzU
nearly extreme

.e2pA5mM!1. ~81!

The oscillation amplitudeDw l of w l is

Dw l.4UxzU, ~82!

for which Eqs.~80! and~81! give different values, though i
remains same thatDw vanishes in the large-mass limit.

V. SUMMARY

In this paper we have investigated asymptotic tail beh
iors of massive scalar fields in Schwarzschild backgrou
We have shown that the asymptotic oscillatory tail with t
decay rate oft25/6 and with the period 2p/m dominates,
which is identical with that in nearly extreme Reissne
Nordström background. In addition, we have noted that t
relation between the value ofmM and the time scale when
the t25/6 tail begins to dominate also holds. The smaller t
4-7
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value of mM is, the later thet25/6 tail begins to dominate
@mt@1/(mM)2#. The larger the value ofmM is, the later the
t25/6 tail begins to dominate (mt@mM).

As far as the intermediate late-time behavior is concern
our result agrees with Ref.@10#. However, they claimed ‘‘SI
perturbation fields decay at late times slower than any po
law’’ in Ref. @10#, which disagree with the expressions~51!
and~72!. We believe that their simulation was not carried o
until enoughlate times for the asymptotic tail to dominate
there occurred numerical errors in their simulation. Also, o
result is consistent with Ref.@11#, which was done numeri
cally ~both for a test field and for the fully nonlinear case!.

In terms of the phase shift we can understand more cle
the tail behavior to be a back scattering effect due to spa
time curvature. In the small-mass casemM!1, the interme-
diate tail with an oscillatory power-law dominates at the tim
scale 1!mt!1/(mM)2 before the asymptotic tail discusse
here dominates@8,10# ~see also Ref.@11#!. At both the inter-
mediate and asymptotic time scales the frequency of a w
which contributes to tails is very close tom. However, the
oscillation of the asymptotic tail is modulated by phase s
effects which do not appear in the intermediate tail. Th
exist two types of the phase shift, which are monotonous
periodic with time. The periodic phase shift crucially d
pends on the field mass. The shift angle becomes ne
equal to 2p in small mass limitmM→0, and the shift os-
cillates at the time scale of 1/(m3M2), which is a long-term
effect if compared with the basic oscillation with the peri
of 2p/m. In large mass limitmM→`, the shift angle be-
come very small. In scattering theory, it is well known th
the phase shift of wave is connected with the presence o
scatterer. In this case, of course, the scatterer is the effe
potential of black-hole spacetime. Therefore it is clear t
tails of massive scalar fields are generated from backsca
ing due to space-time curvature. The shift angle in Schwa
child geometry is numerically different from that in near
extreme Reissner-Nordstro¨m geometry, but the qualitative
behavior depending onmM is similar.
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We can conclude that the asymptotic tail with the quali
tively same behavior dominates both in Schwarzschild an
nearly extreme Reissner-Nordstro¨m background. Therefore i
is conjectured that the oscillatoryt25/6 tail caused byreso-
nanceback scattering at asymptotic late times is a gene
feature inarbitrary Reissner-Nordstro¨m background. It re-
mains in a future work to investigate what kind of instabili
of Cauchy horizons is caused by the massive tails.

Finally we give a comment in comparison with the effec
induced by the field massm on vacuum polarization of quan
tum massive scalar fields in the thermal state. It has b
found that the amplitude of vacuum polarization is enhan
aroundmM.O(1) in the case of nearly extreme Reissne
Nordström geometry, while it is not seen in Schwarzsch
case@14#. The field-mass induced effect on vacuum polariz
tion becomes clear only in the nearly extreme limit. T
reason will be explained as follows: Vacuum polarization
massive scalar fields is due to both thermal excitation
duced by black-hole temperature and mass induced ex
tion. In the nearly extreme case, of which the black-h
temperature is nearly zero, the mass induced effect beco
significant because the thermal excitation is suppressed
the other hand, in the Schwarzschild case the mass indu
effect is just hidden because the thermal effect by the bla
hole temperature can dominate.

We expect that resonance behavior due to the mass
field interacting with a black hole may exist in various pr
cesses as a generic feature of black-hole geometry. In o
to confirm this conjecture, it is necessary to investigate v
ous processes of massive fields in more general black
models. This will be one of the interesting subjects in blac
hole physics.
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